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Motivation – Balance Model Robustness 
& Precise Parameter Estimation 

Latin Hypercube designs (space filling) are the default 
for deterministic computer simulation studies.

Factorial designs are standard for modeling systems 
with substantial noise.



Factorial vs. Latin Hypercube

Factorial

Jitter added to reveal replication

Latin Hypercube



Factorial (Two Level)

Pros

1. Good for precise parameter 
estimation

2. Good prediction for 1st order 
polynomials

Cons

1. Cannot detect curvature

2. Replication is useless if there 
is no noise

Latin Hypercube

Pros

1. Good for detecting and 
modeling curvature

2. Good for integral 
approximation

Cons

1. Inefficient estimation if there 
is noise

2. Less powerful for modeling 
interactions

Pros and Cons



Latin Hypercube Variance Efficiency

Number of Factors Number of Runs Relative D-Efficiency of LHC (%)

2 16 60.3

2 32 57.6

3 16 54.3

3 32 52.2

4 16 51.1

4 32 48.7

5 16 45.7

5 32 45.2

Average relative efficiency for a main effects model  comparing 
LHC and 2-level factorial and fractional factorial designs. 



Coefficient Variance Comparison LHC vs FF

6 Factors 32 Runs 

Interactions model



Bias vs. Variance Considerations 

When the response function is deterministic you are only concerned 
about the model bias induced by using a simpler surrogate model.

Variance of parameter estimates is a primary concern when the noise 
is larger than the signal. 

When the noise is smaller than the signal, then it makes sense to 
consider both variance and bias in design construction.



Bridge Design (2015)

Goals

1. High D-efficiency for low order polynomial models

2. No replication in projection for GP model fitting

Implementation

 Algorithmic – find a design that maximizes efficiency 
subject to a minimum distance in every direction  for each 
point pair.

Reference:

Bradley Jones, Rachel T. Silvestrini, Douglas C. Montgomery, and David M. Steinberg. 
Bridge designs for modeling systems with low noise. Technometrics, 57(2):155–163, 2015.



Issues with Bridge Designs

1. Original algorithmic implementation was slow and could fail to 
find the best design.

2. Thanks to E. Benková, R. Harman, and W. G. Müller, their 
implementation was faster and more efficient for fitting 
polynomial models.

3. However, the restriction requiring a minimum distance is 
arbitrary 

E. Benková, R. Harman, and W. G. Müller, “Privacy Sets for Constrained 
Space-Filling,” Journal of Statistical Planning and Inference 171 (2016): 1–9.



What If?

Since the restriction to a minimum distance between points in 
every dimension is arbitrary, why not remove it? 



Introducing Unrestricted Bridge Designs

We call them U-Bridge Designs.

U-Bridge Designs are space filling designs in that 
replication is not allowed.

 U-Bridge Designs do not require that points be a 
minimum distance from each other in each dimension.



Two factor sample U-Bridge design



Design Construction – part 1

The U-Bridge design algorithm starts with generating a 
Fast Flexible Filling Design (FFF design)

Building a FFF design has three steps.

1. Generate a random sample of a very large number of 
points in the design space.

2. Cluster the points into as many clusters as the number 
of runs in the FFF design to be created.

3. Choose a point from each cluster to maximize some 
measure of space filling quality. Currently the JMP 
implementation uses the MaxPro criterion, which 
guarantees no replication.



Design Construction – part 2

The U-Bridge design algorithm has two steps

1. Create a FFF design with many times more points than are desired 
for the U-Bridge design. 

a) We recommend the FFF to have 20x the number of points than the U-Bridge design

b) For a 20 run U-Bridge Design make a 400 run FFF design

2. Use the FFF design as a candidate set for generating the U-Bridge 
design using an optimal design criterion.

a) We recommend designing for the full quadratic model

b) We use the I-optimality criterion to minimize the average prediction error

R.Lekivetz and B.Jones, “Fast Flexible Space-Filling Designs for Non-rectangular 
Regions,” Quality and Reliability Engineering International 31 (2015): 829–837.



Bridge Design – Published Article online

Download for free using the link below:

https://doi.org/10.1002/qre.70050



Comparison – LHD vs U-Bridge 

For fitting full quadratic polynomial models



Comparison – MaxPro vs U-Bridge 

For fitting full quadratic polynomial models



Comparison – Bridge vs U-Bridge 

For fitting full quadratic polynomial models



Nonlinear Test Case Comparisons

We compared 3 test cases from

https://www.sfu.ca/~ssurjano/index.html

 1. Wing weight

 2. OTL circuit

 3. Borehole

We did two types of comparison:

1. Polynomial fit with added noise U-Bridge designs 
outperformed LHD and MaxPro wrt RMSE

2. GP fit with added noise U-Bridge designs performed 
slightly worse wrt RMSE

https://www.sfu.ca/~ssurjano/index.html


When to use U-Bridge Designs

1. The response data have noise, i.e. replicating a point does 
not give the same response.

2. Cost considerations require a modest number of runs.

3. Modeling flexibility is desirable 

U-Bridge designs allow for fitting both polynomial and Gaussian 
Process (GP) models.



When not to use U-Bridge Designs

1. The response data are deterministic. 

2. Replication is necessary to control the variance

That is, when the noise is very large compared to the signal



Recommendations for using U-Bridge Designs

1. U-Bridge designs have a lot of significant digits. Feel free to 
round to a few digits if precise control of factors is difficult

2. If f is the number of factors, the number of parameters in a 
full quadratic model is p = ((f+1)(f+2))/2

Example: If f=4 p = 5*6/2 = 15. We recommend that the number of 
runs, n, should exceed p + 5 = 15+5 = 20 or more

3. Augmenting approaches

If the polynomial fits well augment by choosing runs where the 
prediction variance is high.

If bias is the main concern, augment with points where the difference 
between the GP and polynomial models is large in magnitude



Summary

1. U-Bridge designs allow for efficient polynomial estimation if 
there is noise in the response.

2. U-Bridge designs also allow for fitting GP models by avoiding 
replication in one-dimensional projections.

3. U-Bridge designs require relatively few runs, so they can be 
used early in a sequential experimentation program
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